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)Q • Abstract 
O 

C ' We introduce a new renormalization for the powers of the Dirac delta 

function. We show that this new renormalization leads to a second quan- 
tized version of the Virasoro sector Woo of the extended conformal algebra 
with infinite symmetries Woa of Conformal Field Theory ( HJ-Q, lili- 
es , |14|1. In particular we construct a white noise (boson) representa- 
£L| tion of the w^, generators and commutation relations and of their second 
^ ^ quantization. 
+-> 

c3 



1 Introduction 

Classical (i.e Ito ^U]) and quantum (i.e Hudson-Parthasarathy ^21) stochastic 
calculi were unified by Accardi, Lu and Volovich in [3] in the framework of Hida's 
white noise theory by expressing the fundamental noise processes in terms of 
the Hida white noise functionals b t and b\ defined as follows: Let L 2 ym (M. n ) 
denote the space of square integrable functions on R™ which are symmetric 
under permutation of their arguments and let T := (3)^ =a L 2 ym (R n ) where if 

V; := {V (n) }£= e thcn ^ (0) e C ' ^ e L2 sym( Rn ) and 

IMI 2 = IIV'(o)ll 2 + V / \^ n \ Sl ,..., Sn )\ 2 d Sl ...d Sn 



The subspace of vectors ip = {tp^}^^ <E T with f"' = for all but finitely 
many n will be denoted by T>q. Denote by S C L 2 (M. n ) the Schwartz space of 
smooth functions decreasing at infinity faster than any polynomial and let T> 
be the set of all ip £ T such that V (n) G S and J2n=i n \^ {n) \ 2 < 00 ■ For each 
(el define the linear operator bt ■ T> — > T by 
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(6 t V) (n) (si,..., s n ) := V^+T^ n+1) (t, si, . . . , an) 
and the operator valued distribution b\ by 

1 " 

where S is the Dirac delta function and " denotes omission of the corre- 
sponding variable. The white noise functionals satisfy the Boson commutation 
relations 

[b u bl\=5(t-s) 
[bl,bi] = [b u b s } = 

and the duality relation 

(bs)* = b\ 

Letting Ti be a test function space we define for / £ H and n,k £ {0, 1, 2, ...} 
the sesquilinear form on T>q 

B n k (f) := / f{t)b\ n b k t dt 
Jr 

i.e for 0, ip in 2?o an d n, fc > 

< V, </> >= jf /(*) < &? J,, b\ <P>dt 

with involution 

(BUf)y = B k n (f) 

and with 

Bo(fl/)= / S(t)f(t)dt=<g,f> 

JS. 

The Fock representation is characterized by the existence of a unit vector <&, 
called the Fock vacuum vector, cyclic for the operators B k (f) and satisfying: 

B%<f> = B%$ = ; Vfc>0;V/i>0 (1.1) 

It is not difficult to prove that, if the Fock representation exists, it is uniquely 
characterized by the two above mentioned properties. 

In it was proved that for all t, s £ M+ and n, k,N,K > 0, one has: 

[bfblb\ N b«]= (1.2) 
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L>1 



by 



L>1 ^ ' 

where 

£n,fc := 1 — £ n ,fc 

<5 n! fc is Kronecker's delta and the decreasing factorial powers are defined 

:=x(x-l)'-'(x-y+l) 

with x*- ^ = 1. In order to consider higher powers of bt and b\, the renormal- 
ization 

5 l (t) = cJ- 1 5(t), 1 = 2,3,.... (1.3) 

where c > is an arbitrary constant, was introduced in Then (|1.2|l 
becomes 

[b\ n blbfbf]= (1.4) 



Lj 



L>1 



Multiplying both sides of 1|1.4|) by test functions f(t)g(s) and formally inte- 
grating the resulting identity (i.e. taking J J . . . dsdt), we obtain the following 
commutation relations for the Renormalized Powers of Quantum White Noise 
(RPQWN) 

[B%(9),B%(f)} (1.5) 

Kl\n kAN 

= E b L(K,n) B%+%zE(§f) ~ E b L {k,N)B N K Xl-_ L L {9f) 

L=l L=l 

(KAn)V(fcAiV) 

= E ^W^n,*)^- 1 ^^^/) 



L=l 

where 



b x (y,z) := e yfi e z , (^j c*- 1 (1.6) 
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and for n, k,N,K € {0, 1, 2, ...} 



i L (N,K;n,k) := e K , e nfi ( f J - e fc)0 ejv.o ) (1.7) 



with 



(A'An)V(fcAW) 
L = l 



I 



if (K A n) V (fc A 2V) = 0. In what follows we will use the notation 

BZ := 



(1.8) 



whenever / cl with ^(/) < +oo is fixed. Moreover, to simplify the nota- 
tions, we will use the same symbol for the generators of the RPQWN algebra 
and for their images in a given representation. As above, we denote by <E> the 
Fock vacuum vector with b t $ = and = 1. It was proved in pP that, 

with commutation relations l|1.5[) . the do not admit a common Fock space 
representation. The main counter-example is that if a common Fock represen- 
tation of the B% existed, one should be able to define inner products of the 
form 

< (aB 2n ( X i) + b (i? "0a)) 2 )$, (aB* n ( Xl ) + b W(x/)) 2 )* > 

where a, b £ K and / is an arbitrary interval of finite measure fx(I). Using 
the notation < x >=< Q,x<£> > this amounts to the positive semi-definiteness 
of the quadratic form 

a 2 < B° 2n (xi)B 2 n (xi) > +2a& < B° 2n { Xl ){B% ( X i)) 2 > 

+ b 2 <(^( X /)) 2 (i? "(x/)) 2 > 
or equivalently of the (2 x 2) matrix 
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< BUxi)B 2 n (xi) > < BUxi) {B^Xi)) 2 > 

< B° 2n (xi) (BZ(xi)) 2 > < (B°(xi)) 2 (BZ(xi)) 2 > 



Using the commutation relations (|1.5fl we find that 



(2n)!c 2 ™- 1 n(I) (2n)!c 2 ™"V(-0 
(2n)\c 2n - 2 n(I) 2{n\) 2 c 2n - 2 n{I) 2 + ((2n)! - 2(n!) 2 ) c 2n - 3 fi(I) 

The matrix A is symmetric, so it is positive semi-definite only if its minors 
are non-negative. The minor determinants of A are 



4 



di = {2n)\c 2n ~ 1 n(I) > 

and 

d 2 = 2c A(n - 1) n(I) 2 (nl) 2 (2n)l(c f i(I) - 1) > & fi(I) > -. 

c 

Thus the interval / cannot be arbitrarily small. The counter-example was 
extended in J5] to the q-deformed case 

b t b\-qb\b t = 5{t-s) 

A stronger no-go theorem, which establishes the impossibility of a Fock 
representation of any Lie algebra containing Bq for any n > 3 and satisfying 
commutation relations 1|1.5J) . can be proved using the following results. 

Lemma 1. Let n > 3 and define 

Ci(n) := [B° n) B%] 

and for k > 2 

C k (n) := [B° n ,C k ^(n)}. 

Then 

C 3 (n)=(3(n)B° 2n + N(n) (1.9) 
where, in the notation fl.b]) . j3(n) G IR — {0} is given by 

n—l n — L i 

P( n ) ■= E E b Ll {n,n)b L2 {n,n-Li)b n _ (Ll+L2) {n,n-{Li+L 2 )) (1.10) 
Li=i z, 3 =i 

and N(n) is a sum of operators given by 

n—l n-Li n-(Li+L 2 ) 



Li=l L 2 = l L 3 =l 



yi-{L 1 +L 2 +L 3 ) 



x6 L3 (n,n-(L 1 +L 2 ))B 3 J ( ^ +i2+L3) 
wi£/i adjoint 

n — l n—Li n-(Li+L 2 ) 

^W-EE E M»>n)Mn>»-£i) (1.12) 

L 1 = l 1,2 = 1 £ 3 =1 

x 6 i3 (n, n - (£1 + L 2 ))sf_7^S } 

where the triple summations in 11.11)) and \l.lty are over all L\, L 2l L3 such 
that L\ + L 2 + L3 n. 
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Proof. The commutation relations (|1.5f) imply that: 

n 

C 1 {n) = [BlB^]= b Ll (n,n)Bl l - L L l 



L 1 = l 



and 



C 2 (n) = [B° n ,C 1 (n)] = X Mn,n)[i&iC£] 



Li=l 

n—L\ 

h, f„ m \ h, („ „ _ p"-( Il+; 

i 2 ) 



XI X b Ll (n,n)b L2 (n,n- L x ) B^ n ^ L 



Lx=l L 2 = l 
n — 1 n—Li 



X X b Ll {n,n)b L2 (n,n- L x ) B^^^ 



Lx=X L 2 =l 

since [5°, B^Z^l] = for Li = n, and finally 

C 3 (n) = [B°,C 2 (n)] 

n—1 n— Li 

= X X ^(^^ft^^n-LOlB^S^^)] 

L 1= l L 2 =l 

n—1 n-Li n— (Li+L 2 ) 

= X X X b Ll (n,n)b L2 (n,n- L\) 

Li = l L a =l L 3 =l 

x 6 L3 (n, n - (Lx + L 2 )) I&Q££h 

from which l|3.2|) follows by splitting the above triple sum into the parts 
L\ + L 2 + is = n and Li + L 2 + £3 7^ n. □ 

Remark 1. 

Notice that 3n — (Li + L 2 + L3) is at least equal to 2n and 

n—1 n-Li n—(L 1 +L 2 ) 

iV(n)*$:=X X X M»>»*)M»>»*-£i) 

L 1 = l L 2 = l L 3 = l 

x6 L;! (n, n - (Li + I*))E^££+ L $* = 
due to ( fTTT|> and n - (L x + £ 2 + £3) 7^ 0. 
Remark 2. 
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For n — 2 the previous lemma is not valid since 



Ci(2)=2Bg + 4Bj, C 2 (2)-8B 2 °, C 3 (2) = => 13(2) = 

Therefore, what follows is not in contradiction with the well established Fock 
representation of the square of white noise operators B 2 , 7?§ and B\ proved in 

EJ. 

Corollary 1. Let n > 3 and suppose that an operator *-Lie sub algebra C of 
the RPQWN algebra contains Bq . Then C will also contain 

a (f3(n)B 2 n + N(ny)+b(BZ) 2 

for all a, b € R, where (3{n) and N{n)* are as in }1.1U\) and respec- 
tively. 

Proof. Since C is an operator algebra containing Bq, it will also contain (Bq) 2 
and b(B 7 1 ) 2 . By the ^-property C will also contain 7?° and since £ is a Lie 
algebra, by lemmaQ], it will contain (3(n) 7?2„ + -/V(n) and a ((3(n) B^ + N(n)). 
Again by the ^-property, C will contain a (f3(n) Bq 11 + N(n)*) and, since £ is a 
vector space, it will also contain a (f3(n) Bq" + N(n)*) + b (Bq) 2 . □ 

Theorem 1. Let n > 3 and suppose that an operator *-Lie sub algebra C 
of the RPQWN algebra contains Bq . Then C does not admit a Fock space 
representation. 

Proof. By Corollary^ C will also contain a ((3(n) B$ n + N(n)*) + b (Bq 1 ) 2 , for 
all a, b G R, where (3(n), N(n)* are as in p. 10(1 and 11.12JI respectively. As in 
the previously discussed counter-example, it follows that the Fock-vacuum norm 

|| (a (f3(n) B 2n + N(n)*) + b (Bq) 2 ) *|| = || (a B 2n + b (S») 2 ) *|| 

cannot be nonnegative for arbitrarily small 7 c M. □ 

In the remaining sections of this paper we provide a new renormalization pre- 
scription for the powers of the delta function which bypasses the no-go theorems 
proved so far and which leads to an unexpected connection with the Virasoro 
algebra and the Woo and Woo algebras of Conformal Field Theory (cf. [TT]). 

2 A new look at the counter-example of the pre- 
vious section 

In this section we generalize (|1.3|l to 

S l (t-s) = cj) l - 1 (s)S(t- s), 1 = 2,.... (2.1) 
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and we look for conditions on <p(s), and an appropriate set of test functions, 
that eliminate the difficulties posed by the counter-example of Section 1. The 
white noise commutation relations 1|1.2[1 now become 



[b\ n blbfb«]= (2.2) 



e k ,oe N ,o £ ( k T ) N™ bf bf~ L b^ L &f ^(s) S(t - s) 



L>1 



L>1 



from which, by multiplying both sides by f(t)g(s) and integrating the re- 
sulting identity we obtain 

[B%(g),BZ(f)}= (2.3) 



KAn k/\N 

E hiK^B^Xtztigf^- 1 )- E b L (k,N)B?4^(gf^) 

L=l L=l 

(K/\n)v(k/\N) 

= E eLiN^K-n^B^XlZiigf^- 1 ) 

where 

b x (y,z) := e yfi e Z:0 ?S x) 

n 7 k,N,K G {0,1,2,...}, and 9 L (N,K;n 7 k) is as in (fT~7jl . Turning to the 
counter-example of Section 1, for an interval J cM, introducing the notation 



In = J <p n {s)ds, » = 0,1,2,... 
and using commutation relations l|2.3[) we have for n > 1 

S 2 °„(Xz) B 2 "(X/) $ - [<(*/), Bg n (*/)] * 



=e f 2 ;)(2«) (L) ^(^- i x/)* 



L = l 



(J) (2n)( 2 "> Bo ^ 2 "- 1 xr) $ = (2n)! jf ^(s) $ 



and so 
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< B° 2n (xi)B 2 n (xi) > = (2n)! J ^ n ~ x (s) ds = (2n)\I 2n . 1 
Similarly, 

B° 2n (xi)(BZ(xi)) 2 <S> = 
(B^ixi) B° 2n (xi) + [B° 2n (xi),BZ(Xi)}) BSIxt) $ 
= BS{xi) B° 2n (xi) BSixi) $ + [B°2n(Xi),BZ(xi)} Bff&j) $ 
= Bo (X/) [BUxi),B%{Xi)] * + K(x/), B?(X/)] B?(Xi) * 

n 

= BJ(xj) ^( 2 ». ") B^-l^ 1 " 1 Xi) $ 

L=l 

n 

+ 2 S i (2n, n) S 2 "-_ L i (^" 1 X/) S "(x/) * 

L=l 

n 

= + ^ S L (2n, n) \Bl~\{^ Xl ), BJ( XJ )] $ 

n n 

= E E foL 1 (2n,n)6 i2 (2n-i 1 ,n)B 2 2 ;;:[^+f^ 

L 1 = l L 2 = l 

= 6 n (2n, n) b n (n, n) B^ 2n ~ 2 X/ ) $ = (2n)! J ^{s) ds $ 
which implies that 

< B° 2n (xi) (B^{xi)f > = (2n)! jf 2 - 2 ( S )d S = (2n)!/ 2rl _ 2 
We also have 

B°(x/)(Bo(x/)) 2 * = 
{BS( Xl )B° n ( X i) + lB a n (xi),BZ( Xl )}) BZ( X i)<£ 
= BS(xi) Bl(xi) BS(xi) $ + [B° n (xi), BS{xi)] * 

B "(X/) (i? l (x/) S°(x/) + [B°(x/), S "(X/)]) $ + [i?°(x/), Bo (X/)] B "(x 



= B "( X /) [B° n ( X i), BS(xi)] * + [KiXi), BS(xi)] #o (X/) <*> 



= B?(*j) M^B^O^X/^+E M^K-lO^X/Wx/)* 
= BZ(xi)b n (n,n)B° (r- 1 Xi)t> 



+ J2 b L (n,n) (i?J(x/)i?; i l Zf(0 L - 1 X/) + Kzf(0 i - 1 X/), J Bo(x/)])* 



- b n (n, n) J <j> n -\s) ds B%(xi) $ + b n (n, n) B^( X i) B^ 1 X i) $ 



n n — Li 
Li = l L 2 =l 



« ri— 1 

= 2b n (n,n) / 0"- 1 ( S )d S B o "( X /)$+E M»,n)tLM,«)B„ n (r 2 X;) ( i > 

L=l 

= 2 („!) jT ^(s) ds B"{xi) $ + ((2n)W - 2 («!)) W l ~ 2 X /) $ 
Thus 

(B°(x/)) 2 (Soto)) 2 * = 
2 (n!) /„_!(«) S°( X /) BS{xi) <*> + ((^) (n) 2 (n!)) X/) * 

= 2 (n!) J n _! [B°(x/), BS{xi)] * + ((2™) (n) - 2 (n!)) [S°( X /), X/)] $ 

n 

= 2(n!) 2 (/„_ 1 ) 2 $+((2n)(")-2(n!)) £ fc(„, „) B^^" 2 ^- 1 X /) $ 



10 



= 2 (n!) 2 (I n ^f $ + ((2n)<"> - 2 («!)) b n (n, n) B o °(0 2 "- 3 X/ ) $ 

= 2 (n!) 2 (/„_!) 2 $ + ((2n)(") - 2 (n!)) (n!) J 2 „_ 3 $ 
= 2 (n!) 2 (J^) 2 $ + ((2n)! - 2 (n!) 2 ) J 2 „_ 3 * 

and so 

< (B°(x/)) 2 (B "(X/)) 2 >= 2 (n!) 2 (J^O 2 + ((2n)! - 2 (n!) 2 ) J 2 „_ 3 
Thus the matrix A of the counter-example of Section 1 has the form 



A = 



< BUxi) Bl n { X i) > < BUxi) (BS(xi)) 2 > 

< BUxi) (BS(xi)) 2 > < (B° n ( X i)) 2 (BSixi)) 2 > 



(2n)!/ 2n _i (2n)!/ 2 „_ 2 
(2n)! / 2 „_ 2 2 (n!) 2 (I^) 2 + ((2n)! - 2 (n!) 2 ) J 2 „_ 3 

with minor determinants 



which will be > if 



di = (2n)!/ 2 „_! 



/ 2n -i > 



(2.4) 



for all n and let, and 

rf 2 = (2n)!(2 (n!) 2 7 2 „_i(/„_i) 2 

+ ((2n)! - 2 (n!) 2 ) I 2n -i J 2n _ 3 - (2n)! (I 2 „- 2 ) 2 ) 
which will be > if 

2 (n!) 2 / 2 „_! (/ n _r) 2 + ((2n)! - 2 (n!) 2 ) J 2 „_j J 2 „_ 3 - (2n)! (7 2n _ 2 ) 2 > 
i.e if 

((2n)! - 2 (n!) 2 ) J 2 „_j J 2 „_ 3 > (2n)! (I 2 „- 2 ) 2 - 2 (n!) 2 J 2 „_j (I n ^) 2 
which will be satisfied if 

(hn-2) 2 = hn-l hn-3 (2-5) 
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and 



lln-\ {In-l) 2 > hn-l -?2n-3 (2-6) 

for all n and /cl. It was condition l|2.6[l that created all the trouble in 
the counter-example of Section 1. 



3 A renormalization suggested by conditions 

(H3D-(EH) 

We notice that if supp(0) n / = then conditions H2.4fl - H2.6|) are trivially satis- 
fied. If supp(0) n / 7^ then conditions 12.4() - (|2.6() are satisfied by /„ = 1 for 
all n = 1, 2, which is true if <p n = 6 for all n — 1, 2, .... The renormalization 
rule l|2.1|) then becomes 

5 l (t-s) =8(s)5(t-s), 1 = 2,3,.... (3.1) 
and i|1.2fl takes the form 

[bTblbfb«]= (3.2) 
e fc ,oejv,o (k N bf bf' 1 b^ 1 b k s 8{t - s) 
+ E ( k M L) €hf- L br L b^ S(s)S(t-s)) 



e K ,oe n ,o(Knbf bf^ b^ 1 b k t 6(t - s) 



L>2 

■ r N , +ri-l 



+ E (T) n(L) b l N b l U ~ L b s~ L b t 8(t - s)) 



L>2 



which, after multiplying both sides by f(t)g(s) and integrating the resulting 
identity, yields the commutation relations 

[Bl{g),B%(f)\ = (e kt0 e N , kN-e Kfi e nt oKn) B%+^(gf) (3.3) 



(if An)V(fcAAT) 



9 L (n,k;N,K)g(0)f(0)bl N+n ' b t 



u L yiu, n,, iy , ii j yyyj) j yu ) u Q f> 
L=2 

where 0i(n, fc; TV, if) is as in l|1.7fl . We can write l|3.3|l as 

[B%(g),B%(f)} = (e kt oe N , kN-e K<0 e n ,oKn) B^lZligf) (3-4) 
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(if An)V(fcAJV) 

+ Y, e L (n,k;N,K)B»+m(gfS) 

L=2 

and notice that repeated commutations with the use of (|3.4fl will introduce 
terms containing S(0). 

4 The canonical RPQWN commutation relations 

We may eliminate the singular terms from 1)3. 3|) by restricting to test functions 
/ that satisfy /(0) = 0. We then define the canonical RPQWN commutation 
relations as follows. 

Definition 1. For right- continuous step functions f,g such that f(0) = g(0) — 
we define 

[B2ti),B$(f)]n := (kN-Kn) B^Zligf) (4.1) 

Letting 



N n 
K k 



(4.2) 



C(n,k;N,K) : 

commutation relations (|4.1(l can also be written as 

[B%(9),B%(f)U = detC(n,k;N,K)B^:^(gf) (4.3) 
Proposition 1. Commutation relations \4-l\j define a Lie algebra. 
Proof. Clearly 

[B%®,B$(f)] R = 

and 

[B%{g),Bt{f)] R = -[BZ{f),B»{g)] R 

To show that commutation relations 14.1(1 satisfy the Jacobi identity we 
must show that (suppressing the test functions / and g) for all rii, ki > 0, where 
i = 1,2,3, 

IK ,[B%,B%]n] R + [EH , [B% , B%] R ] R + [B™ 2 , [B%, B£] a ] R = 
i.e. that 

det C(n 2 , k 2 ; n 3 , k 3 ) det C(ni, kx;n 2 + n 3 - 1, k 2 + k 3 - 1) + 
det C(ni, k\; n^, k%) det C(n 3 , k 3 ; n\ + n 2 - 1, k\ +k 2 - 1) + 
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det C(n 3 , fc 3 ; ni, fci) det C(n 2 , k 2 ;n 3 + rii — 1, k 3 + k\ — 1) = 
which is the same as 

(^2^3 — n 3 k 2 )(mk 2 + nifc 3 — m — fcin 2 — fcin 3 + ki)+ 



(nifc 2 - n 2 ki)(n 3 k 1 + n 3 k 2 — n 3 — nik 3 - n 2 k 3 + k 3 )+ 



(n 3 ki - nik 3 )(n 2 k 3 + n 2 k x - n 2 - n 3 k 2 - n Y k 2 + k 2 ) = 
and is easily seen to be true. 

□ 



5 The algebra 

Definition 2. The Woo algebra (see is the infinite dimensional non- 

associative Lie algebra spanned by the generators , where n, k € Z with n > 2, 
with commutation relations 

[B n k , B»] Woo =((N-l)k- (n - 1) K) BlX%- 2 (5.1) 
and adjoint condition 

(B£)*=B n _ k (5.2) 

The Woo algebra is the basic algebraic structure of Conformal Field Theory 
in the study of quantum membranes. Since it contains as a sub algebra the 
Virasoro algebra with commutations 

[B&§),B 2 K (f)] v := (k-K)B 2 k+k {gf) 

Woo can be viewed as an extended conformal algebra with an infinite number 
of additional symmetries (see 0]-[7], JT], m]). The elements of Woo are 
interpreted as area preserving diffeomorphisms of 2-manifolds. A quantum de- 
formation of Woo, called Woo and defined as a, large N, limit of Zamolodchikov's 
Wn algebra (see HU), has been studied extensively ( see |S]-[7], JT], ^3]) m 
connection to two-dimensional Conformal Field Theory and Quantum Gravity. 
Woo is a " classical" or " Gel'fand-Dikii" algebra (see 9 ) in the sense that it is a 
W algebra (see JT]) where all central terms are set to zero. 
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6 Poisson brackets 

The construction produced in the following section was inspired by the anal- 
ogy with the realization of the w-algebra in terms of Poisson brackets. This 
realization is well known and, in the following, we recall it briefly. 

Definition 3. For scalar-valued differentiable functions f(x,y) and g(x,y), the 
Poisson bracket {/,<?} is defined by 



We notice that the functions f(x,y) = x and g(x,y) = y satisfy {/, g} = 1 
which we can write as 



in analogy with the Canonical Commutation Relations (CCR). We can model 
commutation relations (|5.1|) and the adjoint condition (|5.2|) using the Poisson 
bracket as follows: 

Proposition 2. For n,k £ Z with n > 2, let f n .k :txl^C be defined by 



fn,k^,y) = e lkx y n - 1 - Then 

{fnA x > v)> !n,k{x, y)} = i (k(N - 1) - K(n - 1)) f n+N -2,k+K(x, y) (6.1) 



{/,<?} 



df_ dg_ _ df_ dg_ 

dx dy dy dx 



{x,y} 



1 



and 



fn,k( x ,y) = fn,-k{x,y) 



Proof. By the definition of the Poisson bracket, 



{/»,*(*, v)Jn,k{x, y)} = ^(e fe y n -') ^-{e iK * y N - 1 ) 




i (k(N-l) 



K{n-l)) e Hk+K) x y „+N-3 



i (k(N - 1) 



K(n - 1)) fn+N-2,k+K{x,y) 



Moreover, 



e 




fn,-k(x,y) 



□ 
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Using the prescription 



[A,B] = ~{A,B} 



we thus obtain, letting ti = 1 , that the quantized version of (|f> . 1|) is 

[fn,k, f N J<] = {k{N - 1) - K(n - 1)) f n+N -2M + K 

which is precisely (|5.1(l . Similarly, we can model commutation relations (|4.1|l 
and the RPQWN adjoint condition = B„ using the Poisson bracket as 

follows: 

Proposition 3. For n,k > 0, let g nt k : R x R — * C 6e defined by 

. • \ n / • \ k 
x + iy\ fx — ly 



Then 

{9n,k{x, y),gN,K(x, y)} = i (kN - nK) g n +N-iM+K-i(x, y) (6.2) 

and 

9n,k( x >y) = 9kA x iV) 
Proof. By the definition of the Poisson bracket, 

{9n,k( x >y)>9N,K(x,y)} = 

n / / , ■ \ n / . \ k\ n// , ■ \ N / . \ iO 

a I I x + ly \ I x — iy\ \ a I I x + iy\ fx — ly 



dx \ \ J \ J dy \\ J \ «/2 



a I ( x + iy\ x — iy\ \ a I x + ly \ fx — ly 



dy \\ V2 J \ V? J J d x \ \ V2 J V -y/2 
= i (kN - nK) 2 1 - " + " + " + " (x + lyT^-^x - iy) k+K ~ l 



i {kN - nK) 



. n+N-l / . x k+K-1 

x + iy \ f x — ly 



y/2 J V a/2 

i (kN -nK) g n+ N-i,k+K-i(x,y) 



Moreover, 



■ \ ■ \ k / ■ \ n / ■ \ k 

x + ty\ ( x — iy\ ( x — iy\ f x + iy 



□ 
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We therefore have, as above, that the quantized version of l|6.2|) is 

[gn,k,9N,K\ = {kN - nK) g n+N -i^+ K _i 

which is (|4.1|) . 

7 White noise form of the generators and 
commutation relations 

Motivated by the results of the previous section we introduce the following: 

Definition 4. For right- continuous step functions f,g such that /(0) = g(0) — 
0, and for n,k g Z with n > 2, we define 

^±M e^-^dt (7.1) 

with involution 

(BtU))* = B n _ k (f) 

In particular, 

H(f) := jf /(t)c*^-»J) (*±^J e^-»tUt (7.2) 
is i/ie RPQ WN form of the Virasoro operators 

The integral on the right hand side of {7. l\j is meant in the sense that one ex- 
pands the exponential series (resp. the power), applies the commutation relations 
to bring the resulting expression to normal order, introduces the renormal- 
ization prescription \3.1\l . integrates the resulting expressions after multiplica- 
tion by a test function and interprets the result as a quadratic form on the 
exponential vectors. 

Lemma 2. Let x , D and h be three operators satisfying the Heisenberg com- 
mutation relations 

[D, x] = h, [D, h] = [x, h] = 
Then, for all s, a, c G C 

^s(x+aD+ch) _ ^sx ^saD ^(sc+^-)h 



e sD e ax 



^ax ^sD ^ash 



and for all n, m G N 
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n Am 

' n, m 



3=1 
where 



D n x m = ( h )x m - j D n - j h j 



n,m\ ln \ l m 
3 )~ \3J \3 



Proof. This is just a combination of Propositions 2.2.2, 2.2.1 and 4.1.1 of □ 
Lemma 3. In the notation of lemma\^ for all A G {0, 1, ...} and a G C 

A 



D X e ax ^ e a X ^( X }D m {ah) } 

m=0 



m=0 



and 



Proof. By lemma [2] 



a\ qA nA 
n A arr _ " i I sD c ax\ _ ^ | ( ax sD ash\ _ ax " | I sD c ash\ 



e / 



m— m— 

Similarly, 



' "" J ' = I? 1 " f^ 6 "*' = £ 1 "- (^'"O = ^rl.™ I' -'' 1 • 



m=0 v 7 m=0 v 7 

□ 

Lemma 4. Let £/ie exponential and powers of white noise be interpreted as 
described in Definition Q). Then: 

(i) For fixed t, s G K, tte operators D — bt — b\, x = b s + b\ and h = 2 5(t — s) 
satisfy the commutation relations of lemma 

(ii) For fixed t,s G K, the operators D = b t + b\, x = b s — b\ and h = 
—25{t— s) satisfy the commutation relations of lemma\^ 
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Proof. To prove (i) we notice that 



[D,x] = [b t -blb s +bi} = [h,bt}-[blb 8 ] = [b t ,bl} + [b s ,b\] = 6(t-s)+S(s-t) = h 
while, clearly, [D, h] = [x, h] = 0. The proof of (ii) is similar. 

□ 

Proposition 4. If f,g are right- continuous step functions such that /(0) = 
<ji(0) = and the powers of the delta function are renormalized by the prescrip- 
tion JO) , th en 

££(/)] = (k(N- 1) -K (n- 1)) B^- 2 {gf) (7.3) 

i.e the operators B% of Definition^satisfy the commutation relations of the 
Woo algebra. In particular, 

[B 2 k (g),B 2 K (f)] = {k-K) Bl +K {gf) (7.4) 

i.e the operators B\ of Definition^ satisfy the commutation relations of the 
Virasoro algebra. Here [x,y] := xy — yx is the usual operator commutator. 



Proof. To prove l|7.3|l . we notice that by Definition its left hand side is 

n-l 

N-l 



( t \ 



»(*)/(») e 



/ j. \ n— 1 

|(fe t -6 t t) f + \ 



/ , , f s JV-1 



which, since [6 t — &J, b s + b\] = 0, is 
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,Xn JV — 1 



, x 71—1 



Xe2 3 1-2 -1 6 



xe*( 6 «- 6 « t )(6. + 6l) JV - 1 e*( 6 '-^dtdfl 



x(6 t + 4)"- 1 ei( bt - b ^dtds} 
Since, by lemmas and 0] 



n—X/ 

n — 1 



m=0 



and 



and 



e*( fe «-^(& 5 + 6t)^-i = 
£ ( N ~ ^ (6, + bl) m k N - 1 - m 8 N - 1 - m (t - s) e^^D 



(h+btr-h^-^ 



n—l / . 
n — 1 



( m )(bt + bl) m K n - 1 - m {-l) n - 1 - m 5 n - 1 - ,n (t- s) 



and 

(6. + btf-'e^-^ 
20 



ei^-bi) ^2 ( N m 1 \b s +birk N - i - m (-if- i - m 8 N - i - m (t- S ) 

we find that 

K( S ).«(/)]=^( ee (",;/)(";;) 

m 1= 0m 2 =0 V 1 / \ z / 
X (_iy rl - 1_T ™i^™-l-mi£,-'V-l->Ti2 

x / [ g(t)f( S )e^-^e^-^ 

X(b t + bt) mi (b a +&t)m 2e #(fet-6l) e f (ft.-fct) 

xi B-1 - mi (i - fl)* JV_1 - ,na (i - s) dtds 

m 3 =Om 4 =0 V TO3 / V TO 4 / 

x / / 5(i)/( S )ef^-^e^-^ 
./it 

x(6. + 6t)"»s( 6t + & t)BU e 4(6.-»I) e l(6t-6t t ) 
X JW- 1 -"^ (£ _ s ) tf n-l-m4 (y- _ s ) di ds } 

The case (mi = n — 1 , m2 = iV — 1) cancels out with (ma = AT — 1 , 
7?i4 = ?i — l). By the renormalization prescription (|3.1|l and the choice of test 

functions that vanish at zero, the terms ^m7=o Sm7=o and Sm7=o Em^o are 
equal to zero. The only surviving terms are (mi = n — 1 , ni2 = N — 2), 
(mi = n — 2 , m.2 = AT — 1) , (7713 = N — 1 , 777,4 = n — 2) and (7773 = A" — 2 , 
777,4 = 77 — 1) and we obtain 

[BU9),B%(f)} = 

= ^Tn^(( N ~ *)* ~( n ~ l ) K ~ ( n ~ l ) K + ( N ~ !) fc ) 

x f g{t)f{t)e^ h *- h *\bt + b\) n+N -*e^ b *- b bdt 
Jr 
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x f g(t)f(t)^ bt - bl) (bt + bl) n+N - 3 e^^- b 'Ut 
Jr 



x f mf(t)e^ {bt - bl Hbt + bl) n+N ~ 3 e^^- b >Ut 
Jr 

= {k{N-l)-K{n-l))BlX%-\gf) 
The proof of (|7^|) follows from lfT3j) by letting n = N = 2. □ 
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